Throughout this paper, R is an associative ring with unity 1. The symbols R D , R nil denote, the sets of Drazin invertible elements, nilpotent elements of R, respectively. The commutant of an element a ∈ R is defined as comm(a) = {x ∈ R : ax = xa}. An element a ∈ R is Drazin invertible if there exists b ∈ R such that
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Throughout this paper, R is an associative ring with unity 1. The symbols R D , R nil denote, the sets of Drazin invertible elements, nilpotent elements of R, respectively. The commutant of an element a ∈ R is defined as comm(a) = {x ∈ R : ax = xa}. Drazin [7] proved that if a is Drazin invertible and ab = ba, then a D b = ba D . By a π = 1 − aa D we mean the spectral idempotent of a.
al. [16] proved that a + b is Drazin invertible if and only if 1 + a D b is Drazin invertible.
Moreover, the representation of (a + b) D was obtained. More results on Drazin inverse can be found in [1] [2] [3] [4] [5] [6] 8, [11] [12] [13] [14] [15] [16] .
For any elements a, b ∈ R, ab = ba implies that a 2 b = aba and b 2 a = bab. However, the converse need not be true. It is easy to get a 2 b = aba and b 2 a = bab. However, ab = ba. Under the conditions P 2 Q = P QP and Q 2 P = QP Q, Liu, Wu and Yu [9] characterized the relations between the Drazin inverses of P + Q and 1 + P D Q for complex matrices P and Q by using the methods of splitting complex matrices into blocks. In this paper, we extend the results in [9] to a ring R. For a, b ∈ R D , it is shown that ab ∈ R D and that a + b ∈ R D if and only if 1 + a D b ∈ R D under the conditions a 2 b = aba and b 2 a = bab. Moreover, the expressions of (ab) D and (a + b) D are presented. Consequently, some results in [9, 12, 16] can be deduced from our results.
Some lemmas
In this section, we start with some useful lemmas.
Lemma 2.1. Let a, b ∈ R with a 2 b = aba. Then for any positive integer i, the following hold:
(1) a i+1 b = a i ba = aba i , a 2i b = a i ba i , (2.1)
Proof. (1) Since a 2 b = aba, we have a i+1 b = a i−1 a 2 b = a i−1 aba = a i ba. This shows that a i b ∈ comm(a) and a i b ∈ comm(a i ).
From ab ∈ comm(a), it follows that ab ∈ comm(a i ), i.e., aba i = a i+1 b. Thus, a i+1 b = a i ba = aba i . Therefore, we also obtain a 2i b = a i ba i by a i b ∈ comm(a i ). Proof. (1) By Lemma 2.1(2).
(2) Note that ab ∈ comm(a D ). It follows that
Proof. It is enough to prove (1) since we can obtain (2) by the symmetry of a and b.
(1) By hypothesis, we obtain ab ∈ comm(a) and
Since ba ∈ comm(b) implies that ba ∈ comm(b D ), it follows that
Observing that (a D b)ab
Lemma 2.6. Let a, b ∈ R D with a 2 b = aba and b 2 a = bab. Then for any positive integer i, the following hold:
Proof. It is sufficient to prove (1)-(3).
(1) We have
According to Lemma 2.4, we get
(
2) It is just (1) for i = 1. Assume that the equality holds for i = k, i.e.,
Thus, (2) holds for any positive integer i.
(3) Its proof is similar to (2).
Proof. Firstly, we prove a 1 = b π a π b is nilpotent. According to Lemma 2.6, we have the following equalities
and
Hence, we obtain
Secondly, we show that a 2 = bb D aa π is nilpotent. As
Finally, we prove that a 1 − a 2 is nilpotent.
Since
we have a 2 1 a 2 = a 1 a 2 a 1 = 0 and a 2 2 a 1 = a 2 a 1 a 2 = 0. As a 1 and a 2 are nilpotent,
Proof. Since aξξ π , ξ D aa π are nilpotent and aξξ π commutes with ξ D aa π , it follows that
First we give two useful equalities
According to Lemma 2.5, we have
By Lemma 2.4 and Lemma 2.5, we obtain
3
Main results
In this section, we consider the formulae on the Drazin inverses of the product and sum of two elements of R. (1) Note that a(ab) = (ab)a implies (ab)a D = a D (ab). It follows that
(2) We calculate directly that 
Proof. Suppose that a + b is Drazin invertible. We prove that 1 + a D b is Drazin invertible.
. By Theorem 3.1, it follows that a D (a + b) = b 1 is Drazin invertible and 
Conversely, let ξ = 1 + a D b be Drazin invertible and
where
According to a D ∈ comm(ξ D ) and (ba
Next, we show that x is the Drazin inverse of (a + b) in 3 steps.
Step 1. First we prove that
Second we show that x 1 (a + b) = y 1 and x 2 (a + b) = y 2 .
By induction,
Note that a s a π = 0 and
We have
Hence,
Step 2. We show that x(a + b)x = x. Note that a + b = aξ + a π b. We have
Now we prove that
Firstly, we have
Secondly, we show that
Indeed, we have
In view of the equality (3.3), it is enough to prove that
we only need to show
Since a s a π = 0 and bb D commutes with b D a, we get
Similarly,
Thus,
Therefore, x(a + b)x = x.
Step 3. We prove that (a + b) − (a + b) 2 x is nilpotent.
Note that the proof of step 1. We have
By Lemma 2.8, (a + b) − (a + b) 2 x = b 1 + b 2 is nilpotent.
The proof is completed. Since aa π b D is nilpotent, 1 + aa π b D is invertible and
